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ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF
NONLINEAR FUNCTIONAL
DIFFERENTIAL EQUATIONS IN BANACH SPACE

BY
JOHN R. HADDOCK

ABSTRACT. Let X be a Banach space and let C = C((~,0],X) denote the
space of continuous functions from [—r,0] to X. In this paper the problem of
convergence in norm of solutions of the nonlinear functional differential
equation X = F(t,x,) is considered where F: [0,0) X C - X. As a special
case of the main theorem, stability results are given for the equation
1) = f(t,x(r)) + g(t,x,), where —f(t, ©) —~ a(r)] satisfies certain accretive
type conditions and g(#, -) is Lipschitzian with Lipschitz constant A(¢) closely
related to a(f).

1. Introduction. Let X be a Banach space with norm ||| and let C
= C([-r,0],X) denote the space of continuous functions which map the
interval [~r,0] into X, where r > 0 is given. For ¢ € C, define |/
= max_,¢,<oll¢@)ll. If x: I = X is continuous on I = [ty — r,£y + a) for
some a > 0, then, for each ¢ € [1,,#, + a), x, € C is defined by x,(s)
= x(t + s5), —r < s < 0. We consider the nonlinear, nonautonomous func-
tional differential equation

(l.l) x(’o:‘b)(t) = F(t’xt(to"i’))’ xxo(to"b) = ¢” t > to

where F:[0,00) X Cxr— X, Cr C C. For a discussion of examples from
which equations such as (1.1) arise, we refer to §§1 and 5 of [11].

The purpose of this paper is to provide sufficient conditions for convergence
in norm and convergence of solutions of equation (1.1). We find it convenient
(although not necessary) to assume throughout this paper that

(1.2) F(,0) =0 forallt > 0.

The principal technique involved depends on a close examination of the right
derivative with respect to F of the norm |-|| of X defined by
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 lim L160) + hFG. )] - 14O

for all (¢,¢) in the domain of F. We note that this limit always exists (cf. [8,
§I1.5]). We are particularly interested in examining D (t,¢(0),¢, F) with
respect to certain subsets of C. One such important subset is the set C;, defined
by

(1.3) D™ (1,4(0), ¢, F)

Co = {¢ € C: [llc = ll6(0)I}
and we rely heavily on the inequality

(14)  D*(t,$(0),¢,F) <0 forall¢ € CyN Cp and ¢ > 0.

As a consequence of our main result on convergence in norm of solutions,
we prove (Theorem 4.1 and Remark 4.1) stability and asymptotic stability of
equation (1.1) when the right:hand side takes the more specialized form

(15) F(t, ) = f(,$(0)) + g(1,9),

where the “ordinary” part f in some sense dominates the “functional” part g.
By applying some well-known properties of accretive (monotone) operators,
we obtain, as a special case of our work, recent results of Webb [12] and
Bressan and Dyson [2], where it is assumed —f — a[ satisfies certain accretive
type conditions and g is Lipschitzian with Lipschitz constant closely related to
a. This will be discussed in detail in §4.

2. Preliminary remarks and results. By a solution of (1.1) on [, = [#;, ), we
mean a function x(#y,¢)(-) = x(*), absolutely continuous on bounded inter-
vals of I, such that x, = ¢ and %) = F(t,x,) a.e. on I It is fundamentally
important to us that the following condition is satisfied:

If x(t5,¢)() = x(°) is a solution of (1.1) on %, = [,, o), then

@14 D*(Ixl) =" timyg. (Ix(z + &) = x@I)/k = D*(1,x,(0), x,, F)

for any ¢ € Iy such that (1) = F(t,x,).

ReMARk 2.1. If F is continuous on [fy,00) X C and maps closed and
bounded sets into bounded sets and if (1.4) holds, then (2.1) holds and,
furthermore, for each ¢ € C, (1.1) has a solution x(y,$)(-) = x(-) on [z,, )
such that %(r) = F(z,x,) for all t > #,. This follows as a special case of the
main results of Lakshmikantham, Mitchell and Mitchell [7]. If F is not
continuous, the problem of showing that (2.1) holds becomes slightly more
difficult. This case will be briefly discussed in §4.

The following fundamental lemma and subsequent corollary are essential to
our results.
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LEMMA 2.1. Suppose (1.4) and (2.1) hold. If x(ty, ) () is a solution of (1.1) on
lts 20, then Ix(to, &) Ol < Nl for all ¢ > 1.

Proor. It follows from (1.4) and (2.1) that, for any solution x(ty,4)()
= x(-) of (1.1) on [r5,0), D¥(lx(?)ll) < O for any ¢ > ¢, such that x(f)
= F(t,x,) and [Ix,|lc = ||x(?)||. Now, suppose the lemma does not hold for
some ¢. Set uy = [¢llc. Then there exists u; > u, and f; > ¢, such that
llx(29, ) (Il = llx(1))ll = u;. Let ¢ be the first such time that this occurs and
let £, be the slope of the ray with endpoint (f,%,) and passing through (7, %,).
Now for each 0 < & < ¢, let u(z,¢) denote the ray with slope ¢ and with left
endpoint (#y,u,). For each such ¢, let 1(¢) > £, denote the first time that
Ix(¢(e))ll = u(z(e), €). Since, for each e, u(-, ) is an increasing function of ¢, we
have

@ lx,gllc = |x(¢(e))|| for each t(e) and

(i) D¥(lx(z(e)ll) > w'(t(e),e) = € provided D* (||x(z(e))]|) exists.

But D™ (||x()|]) exists a.e. on (#,,] and, since the set {t(e): 0 < & < &,} has
positive measure, it follows that D™ (||x(¢(;))|) exists for some ¢ < &. By (i)
and (ii), [|x,)llc = IIx(t(g;))ll and D™ (|Ix(¢(¢;))ll) = € > 0. This contradicts
properties in the first sentence in the proof and the lemma follows.

REMARK 2.2. If (1.4) is satisfied and if F is continuous on [0, o) X C and
maps closed and bounded sets into bounded sets, it follows from Remark 2.1
and Lemma 2.1 that, for any ¢ € C and #, > 0, x(t,$)() satisfies the
differential equation (1.1) on the entire interval [fy,o0) and |x(ty,¢) ()l
< ll¢llg for all ¢ > #,. Under these conditions on F, Lemma 2.1 becomes a
special case of a more general comparison principle (cf. [6, Volume II, pp.
6-8]). Likewise, the proof of the general comparison result takes a somewhat
simpler form since the almost everywhere condition does not arise in this case.
It should be pointed out, however, that Lemma 2.1 can be extended in a
straightforward manner to include the comparison principle of [6]. Since we
do not need this more general result, we omit the details.

The next result follows immediately from Lemma 2.1.

COROLLARY 2.1. Suppose (1.4) and (2.1) hold. If x(ty, $)(-) is a solution of (1.1)
on [ty, 0), then ||x,(t5, )| is a nonincreasing function of t on [, ).

3. A general result on convergence in norm. In this section, we establish
conditions with respect to D*(z,$(0), ¢, F) which guarantee the existence of
the limit

G.1) Aim [lx(zg, $) ()]l

The main result is then applied in §4 to illustrate how to obtain, under certain
conditions, existence of the stronger limit
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(32) Jim x(t0,4)(0).

If the inequality D*(t,¢(0), ¢, F) < 0 is satisfied for all # > 0 and
¢9 € Cy N Cr, it follows from Corollary 2.1 that, forany ¢, > Oand ¢ € C
such that x(zy,) (") is defined on [¢,, ),

Jim 1, (o, #)] - exiss

(provided, of course, (2.1) holds). By assuming the above inequality holds for
a certain subset of C that actually contains C, we establish in Theorem 3.1
that the stronger limit (3.1) exists. This limit may depend on the particular

solution.
In order to emphasize that we will be dealing with sets “between” C, and

C, for each ¢, y such that 0 < y < ¢, we define

C(v.e) = {9 € C: lllc — o)l < v, llgllc < 2e and [I$(0)]| > ¢}

Clearly, C(8,¢) C C(y,¢) for any 0 < § < y. Now, let A denote the set of all
functions 7(-) defined on (0, ) such that 0 < n(e) < e for each ¢ > 0.
Clearly, A is nonempty. For each n() € A, define

CE) = Y,Clre9) U (0).
LEMMA 3.1. For each n(") € A,
CCCl))cc

and each containment is proper.

ProOF. The proof is simple. First of all, it is clear from the above definitions
that C, is a proper subset of C(n(")). Now, let $ € C be such that, for
example, ¢(—r) = 2¢(0). Then, for any ¢, y such that 0 < y < ¢, ¢ & C(y,¢).
Thus, ¢ & C(n()) (for any 5() € A). Hence, C(n(*)) is a proper subset of C.

THEOREM 3.1. In addition to (2.1), suppose there exists a function 7(-) € A
such that

(3.3) D*(t,$(0),$,F) < 0

forallt > 0and ¢ € C(n(-)) N Cg. Then, for any ty > 0and ¢ € C such that
x(t9,9) () of (1.1) is defined on [t;, ),

Jim [lx(tg, $) (| exists.

PROOF. Suppose there exist 75 > 0 and ¢ € C such that x(z5,$)(") is
defined on [t;, ) and x(ty,$)(f) = x(¢) does not converge in norm as ¢ — .
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Since (3.3) is satisfied for all # > 0 and ¢ € Cy N Cr C C(n()) N Cp, it
follows from Corollary 2.1 that IIx, llc is a nonincreasing function of ¢. Hence,
lx,| = a as t > oo for some a > 0. If a = 0, the proof is complete since
lx()ll < max,_,¢;<, 1@l = llx,llc = 0. So we may assume a > 0.

Let ¢ > 0 be chosen such that e < a < 2e. Then 0 < 75(e) < ¢, where
1() € A is from the hypothesis of the theorem. (We are now ready for the
crucial part of the proof.) Since ||x, || is nonincreasing to « and ||x(¢)|| does not
converge, a constant 8 > 0 (8 < min{n(e)/3, « — €}) and sequences {t,}, {t,},
tending monotonically to oo as n = oo, can be chosen in such a manner that

Ix@ )l = « asn— o
and, for each n,
ty <t, <tpy and |lx@)l = lx@ )| =B
Furthermore, B, {t,} and {z,} can be chosen such that
(3.4 HIx@E )l = lx@ll| < B fore, <t < t,.
Let T = T(e,m(-)) be chosen sufficiently large that

Ixlle =« <m(e)/3 and |x|lc < 2

for all ¢ > T. Also, let M be chosen such that | ||x(¢,)ll — a| < n(e)/3 for all
n2> M. Fmally, let N be chosen sufficiently large that ¢;,7, > T and
Ix()ll > eforn > Nand ¢, < t < t,. This can be accomplxshed due to (3.4)
and the choice of B. Therefore, for n > max{M,N}and ¢, < t < t,, we have

I lle = I, O = Tllx,llc = %, @I T < [llx,llc — ol
Ha = [Ix( ) + [x)l = x|
< (e)/3 +n(e)/3 + B < le).

Thus, x, € C((e),¢) © Cl() for such rsince I — 1%, O) < 7(e), Il
< 2¢ and [|x,(0)]| > e. It now follows from (3.3) that

D*(Ix()l) < 0 ae.on[t),1,]
for each n > max{M, N}. Hence, for n > max{M, N}, we have

Ix(e)ll = Ixe)l = [ D* (el < 0

which implies ||x(z,)| < [lx(¢;)ll. But | ||x(z,)| — llx(¢,)|| = B for each n and
it follows that
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Ix@)Il = lIx@E ) + B > a + B/2

for sufficiently large n since ||x(z,)|| = a as n = oo. This inequality contra-
dicts that ||x,|lc v & as ¢ = oo and the proof is complete.

To see that Theorem 3.1 does not, in fact imply existence of the stronger
limit (3.2), we need only to consider the ordinary differential equation (r = 0)

(3.5) .il = xZ, )52 = _xl,

where, in this case, X = R?. With euclidean norm, the conditions of Theorem
3.1 are satisfied, but no solution of (3.5) with nonzero initial condition
converges.

4. Examples involving accretive type conditions. In this section, we employ
our previous results to equations of the form

@) Hig9)®) = £(t.x(tp0)D) + g, (15, 8)), %, = &

where f: [0, 00) X X;—> X, X; C X,and g: [0, 0) X C, = X, C, C C. Further,
we assume f(z,0) = 0 = g(z,0) so the right-hand side, F, of equation (1.1)
takes the form

42) F(t,¢) = f(t,(0)) + g(t,¢)

which was mentioned in §1. Recalling that the limit

.1
Jim, 2 (0 + hyll = lxl)
always exists for any x, y € X, we have the following

THEOREM 4.1. Suppose there exist functions a, B, p, q: [0, 00) = [0, 00) such
that the following conditions are satisfied:

() B() < at)y forallt > 0 and some 0 < y < 1;

(i) p is continuous on [0, 00) with p(0) = 0 and p(u) > 0 if u # 0;

(iii) q(u) < p(u) for all u > 0;

(i) lle@ o)l < Ba(ll¢llc) for all (¢,¢) € [0,0) X Cy; and

(v) limy, o (llx + Af (&, x)|| = lIx1)/h < —a@)p(llx])) for all (t,x) € [0, )
X X;.

7{l1en condition (3.3) is satisfied for the function F in (4.2) and some function
() € A

ProoF. For each &> 0, define I'(e) = {u: e < u < 2¢} and let &(c)
= min{ p(u): u € T'(¢)} and o(e) = 8(¢)(1 — v)/2y. Then &(e), o(e) > 0 since
p() is continuous and p(u) > 0 if u # 0. We define 5(-) € A as follows: for
each ¢ > 0, p(-) is uniformly continuous on I'(¢), so choose n(¢) > 0 such that
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n(e) < eand | p(y)) — p(u,)| < ole) for all u;, u, € T(e) with |u; — u,| < 7(e).
By the Axiom of Choice, we may choose each 7(e) such that n(-) is well
defined. Hence, 7(-) € A. For the remainder of the proof, it suffices to show
that, for each ¢ > 0, D*(1,$(0),4,F) < 0 for t > 0 and ¢ € C(n(e),e)
N Cp.

Now, forany ¢t > O and ¢ € Cp,

D*(66(0),6, F) = lim, £(16(0) + hFG o)l = 4O)l)

= Jim, 70160 + A(26(0)) + he(t)] — IO

< lim h(||¢(0) + B (1, (0))ll = llo(@)[) + llg(e )l

< —a(@)p(lo@)]) + B©Hq(loll)
< —a®)p(loO)I) + a(@yrp(lol).

Hence, for any ¢ > 0 and ¢ € C(n(e),e) N Cp, it can be seen from straight-
forward calculations that

D*(1,9(0).¢, F) < ~a(®)p($(0)) + o)yl p(ll$(0)Il) + ofe)]
< —a(@)p(l9O)D[1 — v — yo(e)/8(e)]
< —a()u(e)p(l6O)11),

where p(e) = 1 — y — ya(e) /8(c). By the choice of a(e), it follows that 0 < p(e)
< 1 and, therefore,

(4.3) D*(1,6(0), ¢, F) < —a()u(e)d(e)
fort > 0and ¢ € C(n(e),e) N Cg. Since e > 0 was arbitrary,

D*(1,¢(0),4,F) < 0

forany ¢ > 0and ¢ € C(y()) N C. This completes the proof.

For the remainder of this paper, we indicate how to obtain and to extend
recent results in [12] and [2] by using Theorem 4.1. By utilizing a general result
due to Crandall and Liggett [3], Webb [12] employed nonlinear semigroup
theory to prove asymptotic stability of the autonomous counterpart to
equation (4.1) essentially under the conditions:

X*, the dual space of X is uniformly convex; —f — al is accretive;
(4.4) R(I Af) = X for 0 < A < 1/max(0,a) (where R(I — Af) is the range
of the operator I — Af); and g is Lipschitzian with Lipschitz constant ,

—a+8<0.
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Bressan and Dyson [2] have extended Webb’s results to the nonautonomous
case. In order to apply our results to the conditions of [2], we need the
following brief discussion.

Let Y be an arbitrary Banach space with norm |-|| and let 4: ¥, — Y be an
operator on Y, C Y. Further, let L(4) denote the smallest number such that:
for each bounded set Q C Y, such that A(Q) is bounded and for each
B > 0, & > 0 there is a number § such that

@45)  (lx—y+HdAx = Wl = llx = yl)/h < LA)|Ix = yll + ¢
whenever 0 < A < 8 and x, y € Q with ||x — y|| > B (L(4) may be o). An
operator A: Y, — Y is said to be accretive (monotone) if

(4.6) llx =y + Aldx — Ax]|| > [x = yll

forallx,y € Y;and A > 0.

By assuming that, for each fixed ¢, —f(, -) — a(?)1 satisfies the conditions of
(4.4), we have from well-known properties of L(-) with respect to accretive
operators that

4.7) L(-(=f(t, ") —a)I)) = L(f(t,")) + (1) < O
For details, see, for instance, [9]. Hence,
(4.8) L(f(t, 7)) < —al)

for all £ > 0. Therefore, by setting y = 0 and recalling that f(z,0) = 0, it
follows from the definition of L(-) that

@9)  Jimlbx + X = Ixl)/k < LG Dlxl < ~a@llx]

for each (#,x) € [0, 0) X X, .

ReMARK 4.1. If —f(z, )— a(t)I satisfies the conditions of (4.4) and if
g o)l < B@)lillc for all (1,¢) € [0,00) X Cy, ), Where B(:) < alf)y, 0
< v < 1, then it follows from (4.9) that the conditions of Theorem 4.1 are
satisfied for p(u) = u = q(u), u > 0. If, in addition, f* a(f)dt = oo, stand-
ard arguments as in [1] can be applied to show that solutions defined for all
future ¢ must tend to zero. To obtain asymptotic stability of (4.1), then,
requires establishing appropriate existence results. Note that under these
conditions on fand g with y < 1, (uniform) stability of (4.1) can be concluded
directly from Corollary 2.1.

REMARK 4.2. As was mentioned above, existence results need to be
established along with the stability results discussed in Remark 4.1. This can
be done in one fashion via nonlinear semigroup theory, as in [12], [2] or [4], by



BEHAVIOR OF SOLUTIONS IN BANACH SPACE 91

applying fundamental results of Crandall and Liggett [3] and Flaschka and
Leitman [5]. (See [10] for an extension of some results in [5].) For this case, we
have not improved the stability results of [12] and [2], but, rather, we have
approached the problem from a different and hopefully somewhat simpler
viewpoint. On the other hand, if f and g are defined and continuous on
[0, 0) X X and [0, ) X C, respectively, and map closed and bounded sets of
their respective domains into bounded sets of X, then the situation becomes
quite different. In fact, for this case, we actually improve the results of [12] and
[2]. Existence is no longer a difficulty since, from [7], the conditions of Lemma
2.1, hence Theorem 4.1, are enough to guarantee existence of a solution
x(ty,9)(-) on [fy,00) for each initial condition x, = ¢. (Note that (2.1)
automatically holds with f and g continuous.) Hence, we can apply Corollary
2.1 and Theorem 4.1 to obtain stability and asymptotic stability whenever
—f(t, ) — a(r)I is not necessarily accretive or g(t, -) is not necessarily Lipschit-
zian.

As a final comment, we note that, since our main result (Theorem 3.1) was
given in a general setting, it offers more flexibility in applications than results
designed specifically for equation (4.1). Also, it should be pointed out that
Theorem 3.1 is new even for the more specialized but very important finite
dimensional case X = R”. This result, then, can be used to generalize and
extend previous results for this special case. See, for instance, [1] and [13].
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